Abstract. With any subset of a countable discrete abelian we associate with it three Banach space properties. These properties are Radon-Nikodym type properties. The relationship between these properties is investigated. The results are applied to give new characterizations of Riesz subsets and Rosenthal subsets of countable discrete abelian groups.
INTRODUCTION
The aim of this paper is to study three families of Banach space properties, each of which includes the Radon-Nikodym property, the analytic RadonNikodym property and the property of not containing a subspace which is isomorphic to c0 . The properties we consider are Radon-Nikodym type properties associated with subsets of countable discrete abelian groups. This line of study was initiated by Edgar [E] . Edgar used his results to give a new characterization of Riesz subsets of countable discrete abelian groups. In this paper we will introduce two more families of Radon-Nikodym type properties. We will consider the three types of properties and discuss their interplay. If A is a subset of a countable discrete abelian group, then the properties associated with A will be called type I-A-Radon-Nikodym property, type II-A-Radon-Nikodym property and type III-A-Radon-Nikodym property.
In §2, we will give the appropriate definitions and preliminaries. §3 will be used to study type I-A-Radon-Nikodym property. This property will be used to give new characterizations of Riesz subsets and Rosenthal subsets of countable discrete abelian groups. These characterizations improve the results of Edgar [E] and Lust-Piquard [L] .
In §4, we give some characterizations of type II-A-Radon-Nikodym property. It is unknown if the type I-A-Radon-Nikodym property and the type II-ARadon-Nikodym property are equivalent, even when A is a Riesz subset. We will give a necessary and sufficient condition for these two properties to be equivalent when A is a Riesz subset of the circle T.
Finally, in §5, we prove two results related to the type III-A-Radon-Nikodym property. The first result states that type III-A-Radon-Nikodym property and type II-A-Radon-Nikodym property are equivalent when A is a Riesz subset. The second result shows that type III-A-Radon-Nikodym property and the Radon-Nikodym property are equivalent if and only if A is not a Riesz subset.
Preliminaries and definitions
Throughout this note, G will denote a compact abelian metrizable group, 3 §(G) is the a -algebra of Borel subsets of G, and X is normalized Haar measure on G. We will denote the dual group of G by T. Then T is a countable discrete abelian group. We note that all countable discrete abelian groups can be seen to arise in this manner [Ru] .
Let X be a Banach space and let 1 < p < oo. For an ^T-valued measure, p, on 3S(G) we define EÇzK where n is a finite measurable partition of G, along with the convention § = 0. The space VP(G;X) consists of all the X-valued measures, p , on 3 §(G) with \\n\\p < oo , where IMIp = sup||EO*|*)||L, (C,;jr) and where the supremum is taken over all finite measurable partitions of G.
If p e VP(G; X) and y eT then the Fourier coefficient, p(y), is defined by fi(y)= / Hx)dp(x). Remarks.
( 1 ) Type I-A-RNP was introduced by Edgar [E] under the name of the A-Radon-Nikodym property.
(2) If G = T, the circle group, then T = 1. Then we get that type I-Z-RNP is equivalent to the usual Radon-Nikodym property and type I-N-RNP is equivalent to the analytic Radon-Nikodym property (see [E] ). Before we get to the next type of Radon-Nikodym property we should note that if p € V^(G ; X), where 1 < p < oo, then p is absolutely continuous with respect to À. If p = 1, this may no longer be true. Thus we define VA ac(G; X) = {p € VK(G; X) : p is absolutely continuous with respect to X] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The last of the Radon-Nikodym type properties we wish to consider is modeled on the main results of chapter VI of the Diestel and Uhl monograph [DU] . Before we get to the definition let us introduce some notation.
If A ç T then A' = {y e T : y i A}. We denote by C(G), the space of continuous functions on G, with the supremum norm. Thesubspace CA/(G) of C(G) consists of continuous functions on G whose Fourier coefficients vanish off of A'. Let T: X -► Y be a bounded linear operator from the Banach space X to the Banach space Y . Then T is said to be absolutely summing if T maps weakly unconditionally Cauchy series in X into absolutely convergent series in Y. T is said to be nuclear if there exists sequences {x*}^l, in X* and {y"\^=x in Y such that £~, ||x¡|| \\yn\\ < oo and such that T(x) = £^i*¡(*)v" for all x 6 X . has a Radon-Nikodym derivative with respect to \p\.
(2) If p € VA iC(G; X) and p has a Radon-Nikodym derivative with respect to \p\, then p has a Radon-Nikodym derivative with respect to X [B, p. 16 ].
Consequently type III-A-RNP implies type II-A-RNP.
Type I-A-Radon-Nikodym property
We wish to begin this section with a result of Edgar [E] . For this we need the notion of a "good approximate identity".
A sequence {/"}~ i of measurable functions in: G -> R is called a good approximate identity on G if (a) in > 0 for all n e N, (b) ¡G in(x) dX(x) = 1 for all n € N, (c) Erer^(y)<00'and
We note that if G is a compact abelian metrizable group then there exists a good approximate identity on G [Ru, p. 23] .
Theorem 2 (Edgar) . Let G be a compact abelian metrizable group, let A ÇT and let {i"}™=1 be a good approximate identity on G. (1) and (2) we get that if A is a Riesz subset of T then Banach lattices not containing a copy of c0 and Banach spaces with both finite cotype and G-L l.u.st. have type I-A-RNP (see [GR] ).
(4) If A is an infinite subset of T then c0 fails to have type I-A-RNP (use Theorem 2(ii)). Consequently, by Theorem 2(iv), L (G)/LA,(G) fails to have type I-A-RNP whenever A is infinite. Combining this with Remark 3, we get that if A is an infinite Riesz subset of T then L (G)/LAt(G) either fails to have finite cotype or fails to have G-L l.u.st.
In [D2] it is shown that if A is a Sidon subset of T then every Banach space not containing a copy of cQ has type I-A-RNP (A is a Sidon set if CA(G) is isomorphic to /'(A)). Clearly, for infinite subsets A, this is the weakest property we can get. On the other hand, the Radon-Nikodym property is the strongest property possible, while the analytic Radon-Nikodym property can be viewed as an intermediate property. The obvious question now is: How many other distinct properties exist? While we do not know the answer to this question, our efforts to solve it have led to new characterizations of Riesz subsets and Rosenthal subsets. These characterizations are slight improvements of results of Lust-Piquard [L] and Proposition 3 [E] . Proof. If A is a Rosenthal set then CA(G) has the Radon-Nikodym property [L] and so has type I-A-RNP. Since CA(G) has type I-A-RNP it has type I-A-RNP and thus an application of Theorem 2(iv) shows that T is a representable operator. However, LustPiquard [L] proved that if such a T is representable then fe CA(G). Therefore LA{G) = CA(G) and so A is a Rosenthal set. D
Conversely, suppose CA(G) has type I-A-RNP and let / e LA(G). Define T: LX(G) -> CA(G) by T(g) = f* g for all g e LX(G). Clearly, T is

Type II-A-Radon-Nikodym property
In this section we give some characterizations of type II-A-RNP similar to Theorem 2.
Theorem 6. Let G be a compact abelian metrizable group, let {in}°^=x be a good approximate identity on G, let A be a subset of F and let X be a Banach space. Form {/"Ci °y fn = T.y^iniy)a7y-Then (i"*P)(x)= / in(xy~X)dp(y) = Y^}n(y)a y(x) = fn(x) JG y€A for all x € G. Therefore H/Ji = llí"*/ílli < IMilMli = llalliHence {/"}~i is bounded in LA(G; X) and so {fn}^Lx converges to an element /, in LX(G; A')-norm, by (c). It is easy to see that / e LA(G; X) and that / is the Radon-Nikodym derivative of p with respect to X, so (a) holds. We now assume that A is a Riesz set and that (a) holds. Let {ay}yeA C X with the corresponding {f"}™=x being bounded in LA(G; X). Define a sequence of measures pn: ¿%(G) -> X by pn(E) = fE fn(x)dX(x) for all E e 3SÍA7). Then \\pn\\x = ||/J, for each n e N so sup" \\pn\\x = sup" ||/J|, < oo . Therefore there exists a subnet {pn } of {pn} which converges weak* to a measure p: ¿¡8(G) -* X**. Clearly, \\p\\x < oo. Also p(y) -0 if y £ A and p(y) -a for all y e A and in particular p(y) e X for all y e T. From this it is easily shown that p is, in fact, an .Y-valued measure. By combining these results we see that p e VA(G; X). However, since A is a Riesz set p e VA ac(G; X). Since (a) holds, p has a Radon-Nikodym derivative with respect to X. That is, there is a function f e LX(G, X) such that p(E) -fE f(x) dX (x) for all E e £%(G). A simple calculation shows that p(y) = f(y) for all y e F and thus / e LA(G; X) and satisfies f(y) -a for all y e A so (b) holds. In [D2] , the following sufficient condition is given:
Proposition 7. Let G be a compact abelian metrizable group and let A be a Riesz subset of T. Suppose that a Banach space X has type l-A-RNP. Then X has type 11-A-RNP if LX(G;X) has type l-A-RNP.
In the remainder of this section we will show that the converse of Proposition 7 is also true when G is the circle group, T. The main ingredient in obtaining this result is our choice of the good approximate identity. Since Theorem 6(a) is independent of the choice of the good approximate identity, we can use the Poisson kernel. More specifically, if n e N, we let r = 1 -1/ra and i = Pr where 6 e [0, 2n).
OO > S«Pll/"lll'(T;L1(T;A'))="1î™ WlHj-.ÜtJ-.X))
(by the monotone convergence theorem) = í^fsupll/^-)^).
/O V n Wl\y;X)} 2n -Therefore, supn \\fn(-)(d)\\Li".X) < °° for almost all 6 e [0,27t). Consequently, since X has type II-A-RNP, we get that for almost all 8 e [0, 2n) the sequence {fn(-)(6)}°^=x converges in L (T; X)-norm (Theorem 6(c)). Also, Hence, by the dominated convergence theorem \\fn -/t Hz.1 (t-L'or-*)) -> 0 as n , k -* oo and so {fn}^Lx is convergent in LX(T; LX(T; X))-norm.
By Theorem 6(c), LX(T; X) has type II-A-RNP and so it has type I-A-RNP. D Remark. The proof of Proposition 8 is very similar to the proof of Theorem 2 of [Dl] . In fact, the proof can be modified to show; Proposition 9. Let A be a subset of Z, let X be a Banach space and 1 < p < oo.
Then VP(T; X) = LA(T; X) if and only if LP(T; X) has type l-A-RNP.
Type III-A-Radon-Nikodym property
We begin this section by proving a result similar to Proposition 3. The proof we present here was shown to us by Joe Diestel. 
where q is the natural quotient map. Since T is absolutely summing on C (G) it is Pietsch integral [DU, p. 169] and hence it is integral [DU, p. 235] . Since the range of T is contained in l'[0, 1], r(ßC(G)) is lattice bounded by a result of Grothendieck [DU, p. 258] . But
So T is integral by the converse of Grothendieck's result [DU, p. 258] . Note that f: C(G)/CA,(G) -» Lx[0, 1] and also (C(G)/CA,(G))* S LXA(G), since
A is a Riesz set. By [L] , LA(G) has the Radon-Nikodym property. Also, one can easily show that LXA(G) has the approximation property. Therefore f is a nuclear operator [DU, p. 248 Conversely, suppose X has type II-A-RNP and let T: C(G) -»I be absolutely summing and such that T\c ((G) = 0. Let p be the representing measure for T. That is, T(f) = fG f dp îor all / e C(G). Since T is absolutely summing, p is of bounded variation by Theorem 1. Also p(y) = T(y) -0 for all y $ A since T\c ,G) = 0. Therefore p eVA(G; X) and since A is a Riesz set p e VA ac(G; X). Now X has type II-A-RNP so there exists a function g e LXA(G;X) such that p(E) = fEgdX for all E e 3S{G).
Let e > 0. By [DU, p. 172] That is, 7 is a nuclear operator and so the proof is complete. D Remark. Diestel's result, Proposition 10, can also be derived from Theorem 11, Proposition 7 and Proposition 3. If A is a Riesz set then L (G x G) has type I-A-RNP by Proposition 3. However Lx(GxG) is isomorphic to Ll(G;Lx(G)) and so LX(G) has type II-A-RNP by Proposition 7. Now, Theorem 11 says that LX(G) has type III-A-RNP and so ¿'[0, 1] has type III-A-RNP.
Corollary 12. Let G be a compact abelian metrizable group and let A be a Sidon subset of T. If X is a Banach space not containing a copy of c0 then every absolutely summing operator T: C(G) -► X with T\c /(G) = 0 is nuclear.
Proof. If A is a Sidon subset of T and X does not contain a copy of c0 then X has type II-A-RNP [D2] . Sidon sets are Riesz sets so apply Theorem 11 to complete the proof. D Corollary 13. Let G be a compact abelian metrizable group and let A be a Sidon subset of T. Let X be a Banach space not containing c0 and let T: CA<(G) -> X be a Pietsch integral operator. If Tx and T2 are two Pietsch integral extensions of T to C(G) then Tx -T2 is nuclear.
Remark. An analogous result to Corollary 13 was proved in [BD] for the subset N of Z. Also in [BD] , Theorem 11 was proved for the special case of the subset N of Z using a slightly different proof that makes use of the special properties of analytic measures. Our final result characterizes type III-A-RNP whenever A is a non-Riesz set.
Theorem 14. Let G be a compact abelian metrizable group and let A be a nonRiesz subset ofT. If X is a Banach space with type III-A-RNP then X has the Radon-Nikodym property.
Proof. To show that X has the Radon-Nikodym property it suffices to show that every Pietsch integral operator from C(G) to X is nuclear. If A is a non-Riesz set then (C(C7)/CA-(G))* is isomorphic to VA(G) and VA(G) is nonseparable. Let q: C(G) -► C(G)/CA-(G) be the natural quotient map. Then q*((C(G)/CAA,G))*) is nonseparable since it is isomorphic to VA{G). By a result of Rosenthal [R, p. 362] , there is a subspace Z of C(G) with Z isometrically isomorphic to C(G) and such that the restriction map q\z: Z -» q(Z) is an isomorphism. The map j is an isomorphism. This is possible since C(G) is isomorphic to Z and Z is isomorphic to q(Z). S = Sj and thus S is Pietsch integral since S is Pietsch integral. The map i is the inclusion map and f is a Pietsch integral extension of S. The map T is defined as T = fq. Now T is Pietsch integral and so is absolutely summing. Also T\c ,G) = 0. Therefore, since X has type III-A-RNP, T is a nuclear operator. Thus T\z: Z -» X is also a nuclear operator. That is, Tq\z is a nuclear operator.
Note that f\q{Z) = (fq\z)o(q\z)-l:q(Z)^X and so it is also nuclear. However f\,z, -S. Finally, S = S o j~x, thus making S a nuclear operator. This completes the proof. D
